Integral
functions

Learning outcomes

When you have completed this Programme you will be able to:

e Derive the recurrence relation for the gamma function and
evaluate the gamma function for certain rational arguments

e Evaluate integrals that require the use of the gamma function in
their solution

e Identify the beta function and evaluate integrals that require the
use of the beta function in their solution

e Derive the relationship between the gamma function and the beta
function

e Use the duplication formula to evaluate the gamma function for
half integer arguments

e Recognise the error function and its relation to the Gaussian
probability distribution

e Recognise elliptic functions of the first and second kind

e Evaluate integrals that require the use of elliptic functions in their
solution

e Use alternative forms of the elliptic functions

Programmes 15 Integratlon 1 ;
17 Reducuon fannulas '
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Integral functions

Some functions are most conveniently defined in the form of integrals
and we shall deal with one or two of these in the present Programme.

The gamma function
The gamma function I'(x) is defined by the integral
T(x) = ro 1ot dt 1)
and is con(irergent for x > 0.

From (1): I‘(x+1)=J fetdt
0

Integrating by parts
—f oo 00
F(x+1)= [t* (f—)] +x J et lat
-1/1o 0
. ={0 -0} +xI'(x)
ST+ 1) =ar(x) 2

This is a fundamental recurrence relation for gamma functions. It can
also be written as I'(x) = (x — 1)I'(x — 1)
With it we can derive a number of other results.
For instance, when x = n, a positive integer > 1, then
I'(n+1) =nl'(n) But TI'(n)=m-1)I'(n—1)
=nn-1I'n-1) I'n—1)=(n-2)I'(n-2)
=nn—-1)(n—2)I'(n—-2)
=nn—-1)(n—-2)(n-3)...1T7(1) =n''(1)
But, from the original definition T'(1)=............

I(1)=1

Because
o o)

1“(1)=j t%tdt = [—e“] =0+1=1
0 0

Therefore, we have TI'(1)=1 3)
and TI'(n+ 1) =n! provided n is a positive integer.
STy =
I'(7) =720
Because

I'(7)=T(6+1)=6!=720.
Knowing I'(7) =720, T'(8) = ............ andT'(9) =............
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I'(8) = 5040; T'(9) = 40320

Because
I'(8) =T(7+ 1) =7T(7) = 7(720) = 5040
T'(9) =T(8+ 1) = 8I'(8) = 8(5040) = 40 320
We can also use the recurrence relation in reverse
T(x+ 1) = xI'(x)
4
. F(x) :M ( )
X
For example, given that I'(7) = 720, we can determine I'(6)

and then T'(S)=............

I'(5) =24

T(5+1) T(6) 120
T

So far, we have used the original definition

'(x) = r tletdt
0

for cases where x is a positive integer n.

I(5) =

What happens when x = 3? We will investigate.
o0

() = J t1/2¢7t dt
0

Putting t = u?, dt = 2udu, then

Because

r@) = r ule¥2udu= zj e du.
0 0

(o]
Unfortunately, J ¢ du cannot easily be determined by normal
0

means. It is, however, important, so we have to find a way of getting
round the difficulty. >
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00
Evaluation of J e dx
0
Let] = J e*dx, then alsol= r eV dy
0 0

([ (o)L [
0 0 0 JO

da = 6x 6y represents an element of area in the x—y plane and the
integration with the stated limits covers the whole of the first
quadrant.

Converting to polar coordinates, the element of area éa = r 66 ér. Also,
X2 4y =12
s W) — e

For the integration to cover the same region as before,

y

rd0
50

{ the limits of rarer=0tor = o0
r Ey the limits of § are § =0 to 6 = «/2.

I

1

g J:e-xz dx = (5)

This result opens the way for others, so make a note of it
and then move on to the next frame
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Before that diversion, we had established that
00
0

rg) = ZJ e du

We now know that j e du= g LI =vr
0
From this, using the recurrence relation I'(x+ 1) =xI'(x), we can

obtain the following

'@ -} r@=ivm . T@=Y
T 37
r@-1r®-3(%) - re-2
TE) =i
rg -1y
Because

T(}) =T@E+1)=3T@) =§ (_?%_73 _ 15§/7—r

Using the recurrence relation in reverse, i.e. I'(x) =
also obtain

T(x+1)
—— » Wecan

3 L= _ TG
R e e

Negative values of x

Since I'(x) = I‘(x;- 1)

, then asx — 0, I'(x) — oo .". T(0) = c0.

The same result occurs for all negative integral values of x — which does
not follow from the original definition, but which is obtainable from
the recurrence relation.

Because at x= -1, I'(-1)= Lcl)) =
x=-2, I'-2)= __1"(:21) = 00 etcC.

1
Also,at  x=-1, T(-} e,

and at x=-3

Similarly T'(-3)=............
and (==
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8 16
(-3 =-1zvm TI'(-2) =103

So we have
(a) For n a positive integer
T'(n+1) =nl'(n) =n!
I'(1)=1; TI'(0)=o00; I'(-n)==+o
O T@=vE (-} =-2/7
R N

r(p) - —;C, M(-§) = -5V
rg) =T r(-p-govr

This is quite a useful list. Make a note of it for future use

Graph of y =T'(x)

Values of I'(x) for a range of positive values of x are available in
tabulated form in various sets of mathematical tables. These, together
with the results established above, enable us to draw the graph of

y =T(x).
x 0 0-5 10 15 20 25 30 35 40
I'(x) oo 1772 1-000 0-886 1-000 1-329 2-000 3-323 6-000

X -0-5 -1-5 -2:5 -3-5
I'x) | —3-545 2363 -0-945 0-270

For large n it can be shown that I'(n + 1) = v2mnn" e~ which gives rise
to Stirling’s formula for an approximation to the factorial of a large
number

nl=~vV2mn'e™
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Revision

Let us now revise the main points before we move on to some
examples.

The definition of I'(x) is thatT'(x) =............

I(x) = r tletdt
0

The recurrence relation states that

I'(x+1)=xT'(x)

When x is a positive integer, i.e. x = n, then
'n+1)=............

F'n+1)=mn!

Then we have a number of specific results

I'1l)=1; TO)=o00; I'}) =7

and finally, for all negative integral values of n

I'(n) =+ o0

Listing them together, we have

[(x) = r tle~tdt
0
I'(x+1) =xT(x)
I'(n+1) =n! for n a positive integer
T1)=1 T0)=oco; I'})=vr
T'(n) = o0 for n a negative integer.
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Now for a few examples of evaluation of integrals.

Example 1

00
Evaluate | x’e~*dx.
JO

We recognise this as the standard form of the gamma function
00
I'(x) = J tle7tdt with the variables changed.
0
It is often convenient to write the gamma function as

00

r(v)=| xte*dx
Jo

Our example then becomes

00
I= J X e *dx = r xVle™* dx wherev=............
0 0

v=_8

I=T@)=T8)=..cccee.....

I'(8) = 7! = 5040

00
ie. J x” e dx =T'(8) = 7! = 5040
0

Example 2

00
Evaluate J x3 e~ dx.
0

00
If we compare this with I'(v) =j x"~! ¢7* dx, we must reduce the
0

power of e to a single variable, i.e. put y = 4x, and we use this
substitution to convert the whole integral into the required form.

y=4x . dy=4dx Limits remain unchanged.

The integral now becomes ............
00 1\ 3
I AN
I= L (4) €'

. —i 3 —y _l _
. 1—44L ye dy—441"(v) wherev=............
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v=4
Because
J Y le?dy = j yledy Sov=4
0 0
1
I = E F(4) T ieessesnrons
3
T=128
Because
1 1 6 3
—_ = — ' = ——— =
I 256P(4) 256 (31 256 128
One more.
Example 3

00
Evaluate J 212 ¥ dx.
0

The substitution hereistoput............

~
Il
»

Work through it as before. When you have completed it, check with
the next frame.

Here is the working.

y=x* . dy=2xdx Limitsx=0,y=0; x=o0,y = co.
x=pM2 o g2 =yl

00 0 yl/4 o~y |
. — 1/4 ,—y — y'e y
I Jo y* e dy/2x Jo ——Zyl 7
10> _ _
=§J0y 1/4e }’dy
_l ® -1 —¥ _E =
_zjoy evdy wherev—4 SoI=

From tables, I'(0-75) = 1-2254
.. I=0-613
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Here is part of a table that may be useful.

X I'(x) x I'(x)
0-25 3-6256 275 1-6084
0-50 1-7725 3-00 2-0000
0-75 1-2254 3-25 2-5493
1-00 1-0000 3:50 3-3234
1-25 0-9064 375 4-4230
1-50 0-8862 4-00 6-0000
1-75 0-9191 4-25 8-2851
2-00 1-0000 450 11-6318
2:25 1-1330 475 16-5862
2-50 1-3293 5-00 24-0000

Now we will move on to another set of functions closely related to
gamma functions.
Let us start a new frame

The beta function
The beta function B(m, n), is defined by

B(m, 1) = J: 2m1(1 — %1 dx 1)

which converges for m >0 and n > 0.
Putting(1-x)=u .. x=1-u . dx=-du

Limits: whenx =0, u=1; whenx=1,u=0
1
.. B(m, n)=— r(1 —u)™ 1ty du= j (1—w)™ !y ldu
1 0
1
= j "1 —u)™ 'du = B(n,m)
0
.. B(m, n) = B(n, m) (2)
Alternative form of the beta function
We had
1
B(m, n) = J Xm1(1 — %" dx
0

If we put x = sin? §, the result then becomes ............
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/2
B(m, n) =2 J sin?™~19 cos®19 dg
0

Because if x = sin?0, dx =2siné cosé dé.

Whenx=0,0=0; when x=1,  =7/2. 1 —x =1 —sin? § = cos2 ¢
/2
;. B(m, n) = ZJ sin®"2 gcos?*2¢sing cosf df
0
/2
.. B(m, n) = ZJ sin?™~1 9 cos®*~1 9 dg (3)
0

Make a note of this result. We shall need to use it later.

Reduction formulas

In Programme 17 of Engineering Mathematics (Fifth Edition) we
established useful reduction formulas relating to integrals of powers
of sines and cosines, particularly when the integral limits are 0 and 7/2.

/2 _ /2 _
() JO sin” x dx = "Tl E sn"2xdx ie S,="—1s,, (4)
/2 — 1 /2 _
) r cosx dx = - 1 J cos"™2xdx ie. Cp=" 1 Cu_z (5)
0 0

A third reduction formula for products of powers of sines and cosines
is

m—1
m+n

/2 /2
(©) J sin™x cos” x dx = r sin™2x cos” x dx
0 0

/2
If we denote J sin™ x cos™ x dx by I, , the last result can be written
0

m-—1
Im, n= m__l_nIm—Z, n (6)

/2
Alternatively, r sin™ x cos” x dx can be expressed as
0

sin™x cos” 2 x dx

n—1 ("2
m +nJ
n—1
m_+nIm’”‘2 (7)

0

ie. Iyn=
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/2
Now B(m, n) = Zr sin?"16 cos?"~1 9 dd and if we apply (6) to the
0

integral, we have

/2
J sin?1¢ cos®*19 dog
0

(2m-1)-1 2 om3 2n-1
= d
@m-1+@n-1)J sin 0 cos 0deo
_ /2
= __m_lj sin?™3 g cos?"~1 9 do
m+n—1J,
Now, using (7) with the right-hand integral
/2 m—1 (2n-1)-1
sn2m—1 2n—1 _ .
JO S oS 1 Bm -3+ @n—1)
/2
x r sin?"3 9 cos?*3 9 dg
0
_ m-—1 n—1
"m+n-1 m+n-2
/2
X J sin?”-3 g cos?"~3 9 d
0
. - (m - 1)(" - 1) r/z s;n2m-3 2n-3
. B(m'n)_(m+n—1)(m+n—2) 20 sin 0 cos 6do
ie Bmny=— =D g 4.9 ®)

C (m+n-1)(m+n-2)
This is obviously a reduction formula for B(m, n) and the process can
be repeated as required.

For example B(4, 3) =............

_ (32 @)@
B(4, 3) = OO @)% D

Because, applying (8)
_3)®2 _3)2)2)1)
¥ =6)m) " P mm @@ "3 Y
Now we must evaluate B(2, 1) for we can go no further in the
reduction process, since, from the definition of B(m, n), m and n
must be
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>0

/2 4 g T/2
But B(2, 1) = 2]1 sin3 @ cosf df = Z[Su; 0] %
0

. 3@ 1
- B4 =55 @e) 2
_ 3@ x (1) _ @)Y
©EOPRD ~ ©)

Similarly, B(5,3) = ............

0

B(s, 3 (4)(2)

)
Because
(4)(2) 4)(2) (3)(1)
B3 =me 2 =meem Y
/2
B(3,1) = zﬂ sin®¢ cos g dg = 2[5“2 9]0 =%
. _@®@)B)M)1(2)  #H@)
S N D GIGIO P M)
In general B(m, n) = %1_):1(—’11—)}1 (9)
Note that B(k, 1) = Zr/z Sinzk-l 0 cos6 do
0
= ij/z sin%*~1¢ d(sin g)
(4]
sin? g 7
= Z[T] =%
0
, 1
OBk 1) =3
. B(k, 1) = B(1, k) =% (10)

We can also use the trigonometrical definition (3) to evaluate B(},1

B, =
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Because

/2
B(m, n) = ZJ sin?™-19 cos?"~1 9 dg
0

/2
- B, )= ZJO sin® 9 cos® 9 do

/2 /2
:zJ 1d9=2[9] — (11)
0 0
Now let us summarise our various results so far.
Next frame

Revision

1

B(m, n) =J 11 -x)"tdx m>0,n>0
0

B(m, n) = B(n,m)

/2
B(m, n) = ZJ sin®"~19 cos?>*~1 9 dg
0

e B
B(m, n) = %%(%I)—P' m and n positive integers
B(k, 1) = B(1,k) =% SOB(L) =1

B, )=

Be sure that you are familiar with all these. We shall be using them all
in due course.

Relation between the gamma and beta functions
If m and n are positive integers

(m—1!(n—1)!

(m+n-1)
Also, we have previously established that, for n a positive integer,

n=T(n+1)
S (m=1)!1=T(m) and (n-1)!=T(n)
and also (m+n—1)! =T(m+n)
_(m-1Y(n-1) T(mI'(n)
T (m+n-1)! " T(m+n)
T'(m)I'(n)
T(m+n)
not necessarily integers.

We will prove this in the next frame, so move on

B(m, n) =

. B(m, n) (12)

The relation B(m, n) = holds good even when m and #n are
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Proof that B(m, n) = %’%

Let T'(m) =J x¥"1le™*dx and I'(n) =J y©le7 dy
0 0

. Tm)T(n) = J:o X1 ¢ dx J: Yl dy

= Joo r 1yt ) dx dy
o Jo

Note that the integration is carried out over

the first quadrant of the x-y plane. o x

Putting x =u?and y =v?> dx=2udu and dy=2vdv

I(m)I'(n) = 4 J Jw w2212 o=y dy dy
0 Jo

=4 J - J N y2m=1y2n=1 o= +) qy dy
0 Jo

If we now convert to polar coordinates, y
u=rcosf;, v=rsing, dudv=rdrdd 50
w+vi=r2 0<r<oo 0<0<7/2
or
I
r Yy
0 !
o
X X

/2 poo
. T(m)['(n) =4J1 J r2m=1 cos?m=1 gr2n-1 sin2"~19 e~ rdr df
0 0

/2 poo
= 4] J p2m2n=2 o=1* (o2m-1g gin2n-19 ¢ qr 49
o Jo

Then, writing w=r2 .. dw=2rdr

00 /2
T(m)T(n) = ZJ w1l g=w dwr sin?*1 9 cos?™19 d9
0 0

=T'(m+n) x B(m, n)

) _I(mTI'(n)
.. B(m, n) = T(m + ) (13)
SoBZ, H=............
s
B3, 3) =3
Because

3 1 _TQTQ _va2xym_ =
Bed="Tm -7 1 2

Now for some examples.
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Application of gamma and beta functions

The use of gamma and beta functions in the evaluation of definite
integrals depends largely on the ability to change the variables to
express the integral in the basic form of the beta function

1
J X1 —x)" tax
0

/2
or its trigonometrical form 2 J sin?™~1 g cos?"~* 4de.
0

Example 1

1
Evaluate I = J (1 -x)*dx.
0

1
Compare this with B(m, n) = J x"1(1 — x)" dx
0

Thenm—-1=5 .. m=6 and n—-1=4 .. n=5
I=B(6,5)=....c.......

4 1

5
I=B(6,5) =57 =T3¢5

Example 2

1
Evaluate I = J x*V1 — x2dx.

0
Comparing this with B(m, n) = Jl X 1(1 - x)"dx
we see that we have x? in the ro:))t, instead of a single x.
Therefore, put x> =y .. x=pt dx=1yidy
The limits remain unchanged. .. I=............

=3BG.3
Because
J (1 -y gy idy =2 J A1 - ytdy
m— 1__ m=3 n— 1:% Tl=%
1B(m
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,_1TQr@)
2 T4

From our previous work on gamma functions

' - =T r =3 rg =

=
T
=32
Because
121 Gvr/HWr/2)  m
2 3! 32
Now you can work through this one in much the same way. There are
no tricks.
Example 3
3,3
Evaluate I =J X dx .
0v3—x

1
You need to compare this with B(m, n) = j ™ 1(1 - x)" dx so bring
0

everything up on to the top line and then make the necessary change
in the variables. Finish it off and then compare the results with the
next frame.

8643
=" =4276

Here is the working; see whether you agree.

3 X3dX 3 1 1 3 X 71
I= = x33~x7dx=3'7j B(1-35) “dx
JOV3—X JO ( ) 0 ( 3)
Put%:y, iex=3y .. dx=3dy
Limits: x=0,y=0; x=3,y=1
1 . —_
‘.I=Z7\/§J P -y tay m—-1=3 . m=4
0 n-1=-3 .. n=3
L(4)rE)
. I1=27V3B(4,1)=27v3 T©72)
Now T(Q) = v D(9/2) = 105‘/—, r(4) =
16 8643
. I=27V3x6x /T x 0575 == =4276

677
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Example 4
/2

Evaluate I = J sin® @ cos* 6 dé.
0

/2
B(m, n) = ZJ sin®™~19 cos®*~1 0 dg
0
L 2m—-1=5 . m=3; 2n-1=4 ' n=5/2
S I=1B(3,5/2)=ccccinnn.
Finish it off

8

I=333

1 T(3)I(5/2)
2 " T(11/2)
1 23ym/4 3y7 32 8
T2 (945m/32 4 945./r 315

Finally, one more.

1
I=3B(3,5/2) =

Example 5
/2
Evaluate I = j Vtan g dé.
0
Somehow, we need to turn this into the form
/2
B(m, n) = ZJ sin?"~19 cos?"~14 do
0

So off you go; express the result in gamma functions
I=............

_1 1Qrd)

2 I(1)
Because
/2 2 .
I=r \/tan9d9=r sinz@cos 26 dd
0 0
. 1 _ 3 U T |
.Zm—l—z .m—-4, 2n—1= 3 ..n—4
Cp_Lg(3 1\_1TQre
TT27\4'4) 2 (1)

and, unless we have appropriate tables to evaluate I'(3) and I'(}), we
cannot proceed much further. However, we do have such a table in
Frame 24 so refer to it to evaluate the integral of our example.

I=............
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I1=22214

Because
'(0-25) = 3-6256 and T(0-75) =1-2254

- 1 (1-2254)(3-6256) _
T2 1-0000 -

2-2214

Duplication formula for gamma functions
We already know that, when 7 is a positive integer
T'(n)=n-1)!

A useful formula enables us to calculate the gamma functions for
values of n halfway between the integers. This is the duplication formula
which can be stated as

T(2n)y/7
2T o

Thus, to find TI'(3-5) I'(n)=T(3)=2!
I'(2n) =T'(6) = 5!

T(n+3) =

!
r(35)=T@+3) = SV _ 33034

25 2!
The formula is quoted here without proof, but it is useful to have on
occasions.
So T(6S5)=.....cc.....
I'(6-5) = 2879

r(6-5)=T(6+1) = %_)(\6/)7?

I'(6) =55 T'(12) =11} 2'' = 2048

. _iyE
. F(6'5) = m = 287‘9

Now let us consider another function represented by an integral.

On then to the next frame
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The error function

The error function erf (x) is defined as
erf (x) = 2 re‘tz dt
Vo
and occurs in statistics and various studies in physics and engineering.

This integral, for arbitrary x, can only be evaluated numerically and
values of erf (x) for various values of x are obtained from tables.

b
Where the limits of J et dt are zero or + oo, however, an exact result
a

is possible. We have already considered the integral I = re‘tz dt in
0

Frame 6 when dealing with gamma functions and we established then

that
j ePdt=............
0
® 2 1 v
Jo 4 t dt=zl-‘(%) =7
Consequently
2 [®
Lim (erf (x =—J etdt=1
Lim (ert (1)) = 7= |

By representing the exponential function in the integral by its
Maclaurin series we see that

( 1) X2"+1

erf (x) = fz n!(2n+1)

Because

erf (x) = j et dt
0

J( 3D tZ") i
0
el )
i(11'(1211)?:)1

Consequently erf (—x) = —erf (x) and so erf (x) is an odd function.

a“%l“
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The graph of erf(x)

The complementary error function erfc (x)

The complementary error function is defined as

erfc (x) = %J et dt
X

which is related to the error function by the relation
erffc(x)=............

erfc (x) = 1 —erf (x)

Because

2 [ _p
el‘fC (X) = \/—7_!. e dt
X

2 0 2 Jx _ 2 )
=— etdt—-| et dt

VT (JO 0
=1-erf(x)

Example 1

In terms of the complementary error function, for 0 <a < b

b
J efdt=............

a

681
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T

2

[erfc (a) — erfc (b)]

Because

b b a

J et dt =J et dt—J et dt
a 0 0

lz—;erf () — \/T;erf (a)

_VT il
=511 —erfe (b)) — - [1  erfe (a)]

= g [erfc (a) — erfc (b))

Example 2

In statistics the integral

1 e
®(x =—J et/2dt
W=
is the area beneath the Gaussian or normal probability distribution

1
V27

e~/2 for the values —oco < t < x.

.1_e-x2/2 A
2r

The area beneath the complete Gaussian curve is then

1 —tz/Z
—| e dt=............
A% 271' fw
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Because

1 J‘oo 2 /2 1 ( r _2 /2 ) b . .
— | e dt=——(2] e dt ecause the integrand is
V2m)-so V2r \ Jo even

00
- \ﬁ J 2t
mJo

= \/?rx \/Zr e®du  where u=t/v2
0

=1 from Frame 47

For positive x, ®(x) is related to the error function

Because
X
B(x) = LJ et at
27!' —c0
1 ~12/2 1 jx —£2/2
=——| etdt+—|et2dt
ZWfoo m 0
x/V2
=1+—1- x ZJ e du where u= t/V2
2 27 0
1 1 b
22(75)

Now let us consider a new set of integral funtions.

Elliptic functions

The use of elliptic functions provides a means of evaluating a further
range of definite integrals, provided that the integrals can be
converted by various appropriate substitutions into certain standard
forms.

If an integrand is a rational function of x and of \/P(x) where P(x) is
a polynomial in x of degree 3 or 4, then the integral is said to be elliptic.

1 dx
For example, J
P 0 /(1 —2x2)(4 — 3x2)

name is derived from such an integral occurring in the determination
of the arc length of part of an ellipse.

is an elliptic integral. The
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Standard forms of elliptic functions
(a) Of the first kind
¢ de
Fk,¢)=| ——m———
(k:9) j0 V1-k2sin?9
where 0 < ¢ <m/2and 0 <k < 1.
(b) Of the second kind

E(k, $) = j: V1—Kesin? 6 df @)

where0§¢§gand0<k<1.

Make a careful note of these two standard forms: then we can apply
them to some examples.

Example 1

/2
Evaluate J V4 —sin”?9 df in terms of an elliptic function.
0

Taking out a factor 4 to reduce the first term to 1

/2
I=ZJ ﬂl—lsinzode
o 4

The integral now agrees with the standard form, where k> =1, i.e.k =1
and ¢ = «/2.
Y

I1=2E}, n/2)

Complete elliptic functions

In each of the cases (1) and (2) listed above, if ¢ = 7/2, the integral is
said to be complete and then

F(k,m/2) is denoted by K(k)
and E(k, w/2) is denoted by E(k).

The method, then, rests on making suitable substitutions in a given
integral to transform the integrand into one of the standard forms
stated above. For various values of k and ¢, values of the functions
F(k, ¢), E(k, ¢), K(k) and E(k) are obtainable from published tables.
These tables, which are quite extensive, are not reproduced here and
so many required values will be given in the text.

Incidentally, the result of Example 1 above, i.e. I = 2E(}, 7/2) could
also be written as
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1-260)

because, in this case, ¢ = 7/2.
From tables, we find that E(}) = 1-4675 .. I =2935

Example 2

Evaluate I jﬂ/ﬁ do
valuate I = —_—

0 V1-4sin?4
At first sight, this seems to be in standard form, but notice that the
value of k?is4, i.e. k=2 - and this does not comply with the
requirement that 0 < k < 1. We therefore proceed as follows.

I jﬂ’/G do
“Jo V1—4sin?e
Put 4sin%6 = sin?4

i.e. 2sinf =siny

.o 2cosfdf=cosydy . d9=_CM

2cosé
Also, for the new limits, when 6 =0, =i
and when=x/6, Yv=............

9=0, v=0; 0=nu/6, =m/2

I J'"/Z 1 _cosyp dyp
0 1—sin?4p 2 cosd
We now transform the cos 6
sing=1siny .. 1-cos?6=1sin*y .. cosf=4/1—1sin%¢
1721 __ cosypdy
2)y cosy 1-Lsiny
B lr/z dop

2Jo /1 -1sin?y

..I

which is now in standard form
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I=37G.7/2) ~3K()

From the appropriate tables, K(}) =1-6858 .. I=0-8429
Now for another

Example 3
dé

V3 - 4sin%6

The first stepisto............

/3
Evaluate I = r
0

take out a factor 3 to reduce the first term to 1

/3
ol J o

V3o /1 —%sin®6

Next, we see that k2 > 1. Therefore, we put............

4cin2 P9 — cin2
Fsin” 0 = sin“ ¢

_ V3 cosy dy

2 . .2 _ .
—sinf =siny .. cosfdd=cosypdy .. db 2080

V3 V3

Then, so far, wehave I=............

o1 J"=‘"/3 1 V3cosyp dyp
V3l=o /7 —sinzy 20080

2
—sinf =siny

V3
Limits: when =0, 4 =0
T 2 2 V3
==, —=sin=—-—=1 .. Y=xu/2
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dy

0 4/1-3sin’y

V3

which is now in standard form with k = —

2 2 2

S I=LlF (‘/7?7 , 1r/2) - 11r<(‘/—§)

V3
2

2

and ¢ =7/2

From tables K(—) = 2-1565 c. I1=1-078

Now, what about this one?

Example 4
/2 de
Evaluate I = J _—_
0 v/1+4sin’6

The trouble here is the plus sign in the denominator. Were it a minus
sign as in Example 2, the integral could be converted into standard
form and would present no difficulty.

In this case, the key is to put § = 7/2 — ¢, i.e. sinf = cos .
Expressing the integral in terms of ¢, we have

—dy

= =¥
7/24/5 — 4sin2 4

Because
0=7/2 -1 o df=—dvy

1+4sin?60=1+4(1 —cos®0) =5 —4cos?f =5 — 4sin?¢

Limits: when 6 =0, ¢ = 7/2; when 6 = n/2, ¥ = 0 and the expression

above immediately follows.

Move on

0 _
So we have I = J dy

7/24/5 — 4sin®y

The minus sign in the numerator can be absorbed by ............
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changing the order of the limits

- j“/z dy
N o \/5—asin?y

Finally, taking out a factor 5 from the denominator, the integral

becomes
1= L J”/Z___‘BP_
V5o 1-2sin®y

and this can then be written .......... ..

5 D5

From tables K (\%) = K(0-8944) = 2-2435 .. I =1-003

Alternative forms of elliptic functions
(a) Of the first kind
du

X
F(k,x =J
(k) 0+/(1—u2)(1 — K2u?)
where 0 <x<1landO<k<1.
(b) Of the second kind

E(k, %) = E \/11‘_":“2‘2 du @)

where0<x<landO<k<1.

@)

Note these two new forms and then we can deal with a few examples.
As before, it is a case of transforming the given integrand into the
required form by suitable substitutions.

Example 1

1/V2 2.2
Evaluate I = J \/4—-3—112 du.
0 1-u

Here we remove a factor 4 from the numerator to reduce the first term
to 1.

du

V2 [1 342
I=2 J il
0 1—-u
This is now in standard form with k=............ andx=............
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V3 1
k=—; x=—14
2 V2
) V3 o1
o I=2E (—2—, 73 2(0-7282) from tables
. I=1-4564
Example 2

1/2
Evaluate I = J __;du____
o V5—-6uZ+ut

Factorising the denominator gives I =............

JI/Z du

0o +/(1—-u2)(5-u?)

Taking out a factor 5

1 rfz du

Vsl Ja-wa-1w)

which is in standard form with k=1/v/5 and x=1/2

I=

)

In some tables, k is quoted as sin#d, i.e. sinfd =

NI'—‘&IH

and x is quoted as sin¢, i.e. sing =

Then F(1/v/5, 1/2) = 0-528
C. I=0236

S 0=26°34

o9 =300

Now move on for Example 3
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Example 3

V3le 3 x2
Evaluate I = JO m

[ /1 -Ku? .
We have to convert this into the form Wdu, so first

concentrate on the denominator. Any suggestions?

Put4x’ =1? ie 2x=u

?=y? . 2x=u .. 2dx=du
Limits: when x = 0, u = 0 and when x = v/3/4, u = /3/2
Also 2-x2=2-u?/4

The integral now becomes ............

I_j«/?/l [2—uz/4 du
o 0 1—u2 2

Finally, taking out the factor 2 in the numerator

“ V2l 1-u?
ie. K¥¥== k:ﬁ and x:é
2 2
So I=............
1= Lp(¥2 ¥3
N W)
Then sine=g . 9=20°42 and sin¢=‘/7§ b= 60°

From tables, E(\/TE, \/7?—)) =1029 .. I=0-728

So it is all just a question of manipulation to transform the given
integral into the required standard forms, and then of reference to the
appropriate tables.
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The Revision summary follows, to be read in conjunction with the
Can You? checklist, checking with the relevant parts of the
Programme any points of which you are unsure. You will then find
the Test exercise straightforward. Finally the Further problems
provide additional practice.

-] Revision summary 16

1 Gamma functions

(@ I'x) = J:o tletdt x>0
I'(x+1) =xT'(x)
(b) If x = n, a positive integer
I'n+1)=n!
=1
I'(0) = 0o I'(—n) =+o00

—x2 __\/7_7
(©) j:e dx-——z—

(d) T}) = V= rg ="
V. v
r-p=-2vF r1-p=27

(e) Duplication formula T'(n+1) = ZZL"(_Z%

2 Beta functions
1
(@) B(m, n) = J M l1-x)"tdx m>0,n>0
0
B(m, n) = B(n, m)

/2
B(m, n) =2 J sin?™~1 g cos?*1 9 d9
0

_ (m-1m-1)
(b) B(m, ")"(m+n—1)(m+n—2)

Bm—-1,n-1)

B(k, 1) = B(1, k) =%
B(1, 1) =1; B}, H=r

_T(m)-T(n)
B0 1) = n )
(c) m and n positive integers
_(m-1Dl(n-1)!
Bm, n) = 1)
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3 Error function

(a) erf (x) = % j: eat

oo—xz _ﬁ
®) L"’ wx =¥
r’e—x’ax=ﬁ; j e*12 dy = v/2m

Complementary error function

erfc (x) = 72_7—4 et dt =1 - erf (x)
X

4 Elliptic functions
(a) Standard forms

o 4 do
(1) of the first kind: F(k, ¢) = J

0+/1—K2sin?9
@

(2) of the second kind: E(k,¢) = J V1 —-Kk2sin? 6 df
0

Ineachcase, 0<¢<n/2; O0<k<1

™

(b) Complete elliptic integrals ¢ = 3
s
F (k, E) =K (k)
s
E (k, E) —E(K)

(c) Alternative forms of elliptic functions
du
V- w2)(1- k)

* 11— k2u2
(2) of the second kind: E(k,x) = J ——— du
0 1—u

Ineachcase 0<x<1; O0<k<1.

X
(1) of the first kind: F(k,x) = J
0
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¥4 Can You?

Checklist 16
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Derive the recurrence relation for the gamma function
and evaluate the gamma function for certain rational
arguments?

Yes [ 0O O 0O 0O No

e Evaluate integrals that require the use of the gamma
function in their solution?

Yes [ O O O @O No

o Identify the beta function and evaluate integrals that
require the use of the beta function in their solution?

Yes O O O O U No

e Derive the relationship between the gamma function
and the beta function?

Yeee [0 0O 0O 0O 0O No

e Use the duplication formula to evaluate the gamma
function for half integer arguments?

Yes O O O 0O L] No

e Recognise the error function and its relation to the
Gaussian probability distribution?

Yes [0 0O 0O 0O 0O No

e Recognise elliptic functions of the first and second
kind?
Yes [ 0O O 0O 0O No

e Evaluate integrals that require the use of elliptic
functions in their solution?

Yes O ] O O O No

e Use alternative forms of the elliptic functions?

Yes 4 ] ] O U No
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& Test exercise 16

FQ

(1) r(-1)
res) 9 1o

@ L Sertdr (@ J 6 o4 gy,

1 Evaluate (a) 3I‘((64)) )

1
2 Determine (a) J x°(2 — x)*dx
0
/2
(b) r sin’ 8 cos® 6 d9
0

/8
© r sin? 46 cos® 46 do.
0

3 Show that

3
(@ J et dt = /rerf (a)
-a
o gy _ VT
(b) j:e dt_Zk, k>o0.
4 Evaluate
(@ erfc(o0)
(b) erfc(0).
5 Express the following in elliptic functions.
@ j"/‘* do
a J———
0 V1-2sin%4
J\/i/z du

® |, Visere

Further problems 16

rE .

oD

(d) j X e—x dx (e) rxse—lx dx.
0

00
2 Determine (a) J x3e~* dx; (b) J xle 3 dx;
0 0

© [era @ [[vi-evan

I .
21 (3)’

(25).
I(33)’

1 Evaluate (a)

(b) (©
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o0

3 If m and n are positive constants, show that J xme~*"dx can be
0

. 1 m+1
expressed in the form Yy I‘( " )

4 Evaluate the following.
1/2
@) J X(1 - 2x%dx
0
1/vV2
) j V1= 222 dx
0
/2
(© r sin® @ cos* 6 d9
0
/2
@ r sin §v'cos® § df
0
/4
(e) r sin® 260 cos® 26 df
0

1/3
® JO x*V1 —9x2 dx.

d 2 e
5 Show that aerf (x)= %e .

6 Show that the Laplace transform of the error function is given as
F st ()etat = erte(2) for s >0
(s)_j:e (Hetdt= ¢ C(E) or s > 0.
7 The Fresnel integrals are defined as

X 7'l‘t2 X 7l't2'
Clx) = J cos (—) dt and §(x) = j sin (—) dt

0 2 0 2

Show that

jr

\/iz,ierf (x -2-) = C(x) - jS(x)
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8 Express the following in elliptic functions.

/2
(@) r V1 +4sin%60do
0

12 d¢
(b) ——
cos @
4 —x2
© j = xzdx

Jo\/(9 Xz)(16 )
(e

2
Jo \/ xZ)(S x2)
®

jo V/sin%6 + 2 cos2 §
do

(8 j = .
/4 4/sin% 0 + 2 cos2 6

9 Using the substitution x =tané prove that the integral

1 dx
jo V(1 +32)(1 +4x2)
can be expressed in the form
1 Jﬂ/‘* dg

2Jo y/1—3 cos?9

Hence, using 0=g—¢, evaluate the integral in terms of elliptic
functions.

10 Evaluate the following.

0-5 dx

@ j V3 —4x2 1+ 2
0o V3 —4x2+x
1-0 dx

® | s
05vV3 — 4x2 + x4

/2 de

© ) Troats
0 25 49 sin“ 6

@ r/f‘ de
0 V4+3sin?0




